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1. Introduction
Radial projection, considered as a mapping from Euclidean space with the origin removed
onto the unit sphere centered at the origin, carries straight line segments (the geodesics of
Euclidean space) into arcs of great circles (the geodesics of the sphere). Mappings like this
that carry the geodesics of one manifold endowed with a linear connection to the geodesics of
another—without necessarily preserving the geodesic affine parameter—are called projective
maps. It appears that projective maps first received attention in [2] and [9], at least if one does
not consider the more specialized studies of projective transformations. (See for example [3,
Chapter IV].) Although there seems to have been some confusion in the original definition,
Morvan and Nore, [7, 8], clear it up by distinguishing carefully between projective versus
strongly projective maps.
Here we investigate the structure of projective maps under a definition that is slightly weaker
than the one used by Morvan and Nore. Even so, we show that a projective map on a connected
domain that attains a rank > 2 at some point is in fact a strongly projective map of constant
rank. This partially rectifies an error in [2] where it is asserted that projective maps satisfy the
conclusion of Theorem 2.7 on an open dense set; a rank one counter example can be found in
[7] or [8].
Projective maps of rank6 1 need not be of constant rank. In general, the image of a projective
map of rank6 1 on a connected domain is a union of at most countably many geodesic segments
together with a set of Hausdorff dimension 0, but when the map does have constant rank 1, the
image is contained in a single geodesic.
From these results we deduce a few additional properties of projective maps.
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2. Definitions
Let M be a smooth, i.e., C∞, manifold endowed with a given torsion-free linear connection
∇, and let γ : (a, b)→ M be a smooth curve.
Definition 2.1. The acceleration bivector field along γ is the smooth map
αγ : (a, b)→ T M ∧ T M
defined by
αγ = γ˙ ∧ ∇γ˙ γ˙
where γ˙ is the tangent vector field along γ .
The acceleration bivector depends on the parametrization of γ . For if we set γ1 = γ ◦ λ
where λ : (a1, b1)→ (a, b) is a smooth diffeomorphism, then one calculates
γ˙1 = (λ′)(γ˙ ◦ λ)
and
∇γ˙1 γ˙1 = (λ′′)(γ˙ ◦ λ)+ (λ′)2((∇γ˙ γ˙ ) ◦ λ) (2.1)
where λ′ denotes the derivative and λ′′ the second derivative of λ. Therefore, by Definition 2.1,
αγ1 = (λ′)3(αγ ◦ λ). (2.2)
Definition 2.2. The curve γ is a pregeodesic if αγ ≡ 0, i.e., the acceleration bivector vanishes
identically along γ .
By (2.2), a reparametrized pregeodesic is still a pregeodesic. Recall that γ is a regular curve
if γ˙ never vanishes.
Definition 2.3. A regular pregeodesic is called a geodesic (cf. [7, 8]).
Proposition 2.4. If γ is a geodesic, then γ can be reparametrized as a geodesic with affine
parameter.
Proof. An affine parameter can be found by solving a second-order, linear-homogeneous, or-
dinary differential equation. The conditions αγ ≡ 0 and γ˙ 6= 0 together imply there exists a
smooth function k : (a, b)→ R such that
∇γ˙ γ˙ = kγ˙ . (2.3)
Given t0 ∈ (a, b), the initial value problem, u(t0) = 0, u′(t0) = 1, and
u′′(t)− k(t)u′(t) = 0 (2.4)
has a solution defined on the entire interval (a, b) for which u′(t) never vanishes. Hence u defines
a diffeomorphism from (a, b) onto some interval (a1, b1) containing 0. Let λ : (a1, b1)→ (a, b)
be the inverse map. By (2.4), λ satisfies the differential equation
λ′′ + (λ′)2(k ◦ λ) = 0. (2.5)
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Therefore setting γ1 = γ ◦ λ, and using (2.1), (2.3), and (2.5),
∇γ˙1 γ˙1 = (λ′′)(γ˙ ◦ λ)+ (λ′)2((∇γ˙ γ˙ ) ◦ λ)
= (λ′′)(γ˙ ◦ λ)+ (λ′)2(k ◦ λ)(γ˙ ◦ λ)
= 0,
which shows γ1 is the unique geodesic with affine parameter satisfying γ1(0) = γ (t0) and
γ˙1(0) = γ˙ (t0).
Remark. A smooth curve γ : (a, b) → M that satisfies equation (2.3) for some smooth
function k : (a, b)→ R is called a piecewise geodesic by Morvan and Nore [7, 8]. Obviously
every piecewise geodesic is a pregeodesic, but not conversely. For example, the curve γ : R→
R2, defined by γ (t) = (t2, 0), is a pregeodesic, but not a piecewise geodesic since (∇γ˙ γ˙ )(0) 6= 0
while γ˙ (0) = 0, where ∇ is the usual connection on R2.
Definition 2.5. Let M and N be smooth manifolds endowed with torsion-free linear connec-
tions, and let f : M → N be a smooth map. We say f is a projective map if f ◦ γ is a
pregeodesic of N for every pregeodesic γ of M .
Remark. Morvan and Nore define a projective map to be one which carries piecewise geodesics
to piecewise geodesics [7, 8]. Every such map is a projective map in the sense of Definition 2.5.
For let f : M → N carry piecewise geodesics into piecewise geodesics, and let γ : (a, b)→ M
be a pregeodesic. We must show α f ◦γ ≡ 0. Obviously f∗γ˙ = 0 wherever γ˙ = 0. Thus α f ◦γ = 0
wherever γ˙ = 0. But on any subinterval where γ is regular, γ is a geodesic, thus a piecewise
geodesic. Hence α f ◦γ = 0 on every subinterval where γ is regular. This accounts for all the
points in (a, b). Therefore α f ◦γ ≡ 0.
In contrast, given the previous remark, the map f : R→ R2, defined by f (x) = (x2, 0), is
projective, yet does not carry every piecewise geodesic into a piecewise geodesic.
Definition 2.6. Define the smooth map f : M → N to be strongly projective if, for every
geodesic γ in M , f ◦ γ is either a geodesic or a constant curve in N .
This is Morvan and Nore’s definition. They give the following characterization of strong
projective maps of constant rank (cf. [2]).
Theorem 2.7. ([7, 8]) Let f : M → N be a smooth map of constant rank between manifolds M
and N endowed with respective torsion-free linear connections ∇M and ∇N , then f is strongly
projective if and only if there exists a 1-form φ on M such that
∇Nf∗X f∗Y − f∗∇MX Y = φ(X) f∗Y + φ(Y ) f∗X
for all vector fields X and Y on M.
Remark. If in Theorem 2.7, we replace ∇M by the projectively equivalent connection ∇M
defined by
∇MX Y = ∇MX Y + φ(X)Y + φ(Y )X
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for smooth vector fields X and Y on M [4], then by Theorem 2.7,
∇Nf∗X f∗Y = f∗∇
M
X Y
for all vector fields X and Y on M . Thus after making a projective change of connection on the
domain, strongly projective maps of constant rank become so-called totally geodesic or affine
maps. Such maps have been well studied [6, 10].
3. Variations through pregeodesics
In this section we presume familiarity with the theory of Jacobi fields in a manifold with a
linear connection, for example [5, II, pp. 63–68].
A variation through pregeodesics is defined to be a smooth mapping
v : (−², ²)× [0, b]→ M
for some ² > 0 and b > 0 such that, for each fixed s ∈ (−², ²), the curve vs : [0, b] → M
defined by vs(t) = v(s, t) is a pregeodesic. The vector field Y along v0 defined by
Y (t) = v∗
(
∂
∂s
∣∣∣∣
(0,t)
)
for t ∈ [0, b] is called the variation field of v.
Lemma 3.1. Suppose
v : (−², ²)× [0, b]→ M
is a variation through pregeodesics satisfying v˙s(t) 6= 0 for all (s, t) ∈ (−², ²)× [0, b].
Let Y be the variation field of v. Let γ be the affine parametrized geodesic with γ (0) = v0(0)
and γ˙ (0) = v˙0(0). Let J be the Jacobi field along γ satisfying J (0) = Y (0) and ∇γ˙ (0) J =
∇v˙0(0)Y . Let u0 : [0, b] → [0, b1] be the diffeomorphism constructed in Proposition 2.4 (with
t0 = 0) so that γ ◦ u0 = v0 on the interval [0, b].
Then there exists a smooth function c : [0, b]→ R such that c(0) = 0 and
Y (t) = J (u0(t))+ c(t)γ˙ (u0(t))
for all t ∈ [0, b].
Proof. For each s, let us : [0, b]→ [0, b1(s)] be the diffeomorphism constructed in Proposi-
tion 2.4 using the initial conditions
us(0) = 0 and u′s(0) = 1 (3.1)
which reparametrizes the geodesic vs by affine parameter. The us can be assembled into a
diffeomorphism
h : (−², ²)× [0, b]→ {(s, u) : s ∈ (−², ²), u ∈ [0, b1(s)]} ⊂ (−², ²)× R
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defined by h(s, t) = (s, us(t)). By construction v¯ = v ◦ h−1 is a variation through affinely
parametrized geodesics. Thus the variation field of v¯ is a Jacobi field J along γ [5, II, p. 64].
We calculate
Y (t) = v∗
(
∂
∂s
∣∣∣∣
(0,t)
)
= v¯∗ ◦ h∗
(
∂
∂s
∣∣∣∣
(0,t)
)
= v¯∗
(
∂
∂s
∣∣∣∣
(0,u0(t))
+ c(t) ∂
∂u
∣∣∣∣
(0,u0(t))
)
= J(u0(t))+ c(t)γ˙ (u0(t))
where c(t) = (∂/∂s)(us(t)). With (3.1), this formula implies c(0) = 0, J (0) = Y (0) and
∇γ˙ (0) J = ∇v˙0(0)Y .
Lemma 3.2. Let v0 : [0, 1] → M be a pregeodesic with v˙0(t) 6= 0 for all t ∈ [0, 1). Let
γ be the affine parametrized geodesic satisfying γ (0) = v0(0) and γ˙ (0) = v˙0(0), and let
u0 : [0, 1)→ [0, b1) be the diffeomorphism constructed in Proposition 2.4 (with t0 = 0) so that
γ ◦ u0 = v0 on the interval [0, 1). Then limt→1 u0(t) = b1 <∞.
Proof. Clearly the limit holds even if b1 = ∞. Consider a geodesic normal coordinate system
defined in a neighborhood V centered about v0(1) [5, I, pp. 147–148]. Since
lim
u→b1
γ (u) = lim
t→1
γ (u0(t)) = lim
t→1
v0(t) = v0(1),
γ (u) lies in V for all u near b1. Indeed, because γ is a geodesic with affine parameter, it follows
that there is a geodesic ray emanating from v0(1) that coincides with this part of γ lying in V .
Now γ and this geodesic ray differ only by an affine change of parameter [5, I, p. 138]. Thus
b1 <∞.
Corollary 3.3. Suppose
v : (−², ²)× [0, 1]→ M
is a variation through pregeodesics satisfying v˙0(t) 6= 0 for all t ∈ [0, 1).
Let Y be the variation field of v. Let γ be the affine parametrized geodesic with γ (0) = v0(0)
and γ˙ (0) = v˙0(0). Let J be the Jacobi field along γ satisfying J (0) = Y (0) and ∇γ˙ (0) J =
∇v˙0(0)Y . Let u0 : [0, 1] → [0, b1] be the homeomorphism constructed in Proposition 2.4 and
Lemma 3.2, so that γ ◦ u0 = v0 on the interval [0, 1].
Then there exists a continuous function c : [0, 1]→ R such that c(0) = 0 and
Y (t) = J (u0(t))+ c(t)γ˙ (u0(t)) (3.2)
for all t ∈ [0, 1].
Proof. For each 0 < b < 1, there exists an ²′ < ² such that v restricted to (−²′, ²′) × [0, b]
satisfies the hypothesis of Lemma 3.1. The reparametrizations in the proof of Lemma 3.1 are
compatible for different choices of b. This compatibility permits us to conclude that there exists
a smooth function c : [0, 1)→ R such that c(0) = 0 and that (3.2) holds for all t ∈ [0, 1). But
the finiteness, by Lemma 3.2, of b1 implies that J (u0(t)) and γ˙ (u0(t)) have respective limits
J (b1) and γ˙ (b1) as t → 1. Thus by taking the limit as t → 1 in equation (3.2), and using
γ˙ (b1) 6= 0, we see that limt→1 c(t) exists. Defining c(1) to be this limit, it follows that (3.2)
holds for t = 1 as well.
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Corollary 3.4. Suppose Y is the variation field of a variation v through pregeodesics satisfying
the hypothesis of Corollary 3.3. Let γ : [0, b1] → M be the affine reparametrization of v0
according to Proposition 2.4 and Lemma 3.2.
Assume Y (0) = 0, Y (1) = 0, and Y is not everywhere tangent to v0. Then γ (0) and γ (b1)
are conjugate along γ .
Proof. Suppose γ (0) and γ (b1) are not conjugate along γ . By Corollary 3.3, there is a Jacobi
field J along γ satisfying (3.2). Thus J (0) = 0 and J (b1) = −c(b1)γ˙ (b1). Now a Jacobi
field is determined by its values at two non-conjugate points. In particular, since J is tangent
to γ at both γ (0) and γ (b1), J is tangent to γ everywhere. Hence, by (3.2), Y is tangent to γ
everywhere. This contradicts our assumption and shows γ (0) and γ (b1) are conjugate along γ
after all.
4. The structure of projective maps
Proposition 4.1. Let f : M → N be a projective mapping. The rank of f∗ is locally constant
where it is non-zero. Moreover, where the rank of f∗ is > 2, the level sets of f are totally
geodesic.
Proof. For any smooth map f , the rank of f∗ is a lower semicontinuous integer valued function.
Thus each p0 ∈ M has a neighborhood such that the rank of f∗ at p > the rank of f∗ at p0 for
every p in that neighborhood.
In general suppose the rank of f∗ at p0 equals to r . Pick a geodesic normal neighborhood
V of f (p0) in N [5, I, pp. 147–148]. Thus the exponential map carries some open starlike
neighborhood Vˆ of the origin in Tf (p0)N diffeomorphically onto V . Next choose a geodesic
normal neighborhood U of p0 in M such that f (U ) ⊂ V . Let e1, . . . , en be a basis of Tp0 M
so that er+1, . . . , en lie in the kernel of f∗ at p0, and let x1, . . . , xn denote the corresponding
coordinates throughout U . We can also assume
f∗
(
∂
∂xi
∣∣∣∣
p
)
6= 0 for all i = 1, . . . , r and p ∈ U, (4.1)
since by construction this is satisfied at p = p0, and hence holds throughout U if U is small
enough. Therefore the geodesics with affine parameter emanating from p0 take the form
γ (t) = (t x1, . . . , t xn).
By (4.1), if (x1, . . . , xr ) 6= (0, . . . , 0), then f ◦ γ is a regular curve in N , and hence a geodesic,
since f is a projective map. This being the case, f ◦ γ is contained in the image of the geodesic
γ (t) = exp (t(x1 f∗(e1)+ · · · + xr f∗(er )))
because f ◦ γ and γ are geodesics sharing a common tangent at t = 0 and so must be
reparametrizations of one another.
Now suppose r > 1. Set S = exp(Vˆ ∩ f∗(Tp0 M)). Then S is a closed r -dimensional
submanifold of V . If γ is as above with (x1, . . . , xr ) 6= (0, . . . , 0), then, by construction of S,
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f ◦ γ is contained in S. Hence f carries the set
W = {(x1, . . . , xn) ∈ U : (x1, . . . , xr ) 6= (0, . . . , 0)}
into S. But W is dense in U since r > 1. Thus f (U ) ⊂ S by continuity of f . Hence the rank of
f∗ at p 6 dim(S) = r for all p in U . Therefore f is of constant rank in a neighborhood of p0.
Keeping the same notation, suppose that r > 2. Since p0 is an arbitrary point where the rank
is r , it is enough to show that the level set L of f through p0 is totally geodesic at p0. Because
er+1, . . . , en form a basis for the kernel of f∗ at p0, which is equal to the tangent space to L at
p0, an arbitrary geodesic segment emanating from p0 that is initially tangent to L must be of
the form
γ (t) = (0, . . . , 0, t xr , . . . , t xn)
for some (0, . . . , 0, xr+1, . . . , xn) ∈ U . Because r > 2, for every x1 6= 0 and x2 6= 0, we can
define geodesics
γ1(t) = (t x1, 0, . . . , 0, t xr , . . . , t xn)
and
γ2(t) = (0, t x2, 0, . . . , 0, t xr , . . . , t xn).
But as we have just seen, γ1 and γ2 must map under f respectively into the images of geodesics
γ 1(t) = exp(t f∗(e1)) and γ 2(t) = exp(t f∗(e2)) in V independently of x1 6= 0 and x2 6= 0. But
γ is the limit of γ1 as x1 → 0 as well as the limit of γ2 as x2 → 0. So by continuity, in the limit
f ◦ γ is contained in the images of both γ 1 and γ 2 in V . Since the images γ 1 and γ 2 intersect
in the single point f (p0), it follows that f ◦ γ = f (p0). Thus f ◦ γ is contained in L , proving
that L is totally geodesic at p0.
Definition 4.2. Let f : M → N be a projective map, and let r > 0 be an integer. Define
M fr =
{
p ∈ M : rank( f∗p) = r
}
.
Obviously, the set M f0 is closed. By Proposition 4.1, when r > 1, M
f
r is open, and f |M fr is
of constant rank r . Moreover, when r > 2, the level sets of f |M fr are totally geodesic. Hencef |M fr is strongly projective for r > 2.
Proposition 4.3. Let f : M → N be a projective map. If r > 2, M fr is closed.
Proof. We will show that M fr contains all its limit points. Assume the contrary. Since M fi is
open for i > 1, the only limit points of M fr not in M fr must be in M f0 . Let p in M
f
0 be a limit
point of M fr . Pick a convex neighborhood U of f (p) and a convex neighborhood V of p with
f (V ) ⊂ U [5, I, pp. 149–151]. By the Morse–Sard–Federer Theorem [1, 3.4.3], f (M f0 ) has
Hausdorff dimension zero in N . Thus we can find a p0 ∈ M fr ∩ V such that f (p0) /∈ f (M f0 ).
By convexity of V there exists a geodesic in V joining p0 to p. Let p1 be the first point along
this geodesic that lies in M f0 . (Of course it is possible that p1 = p.) Parameterize this geodesic
as
γ : [0, 1]→ M
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so that γ (0) = p0 and γ (1) = p1. Then γ = f ◦ γ is regular on [0, 1), for if ˙γ (t) = 0
for some 0 6 t < 1, then γ |[0,1) would have to lie in a level set of f since the level sets are
totally geodesic by Proposition 4.1. But then by continuity, f (p0) = f (p1) ∈ f (M f0 ) which
contradicts the choice of p0. Now since the rank of f∗ along γ |[0,1) is at least two, there exists a
Jacobi field J along γ such that J (0) = 0 and f∗(J (t)) is not tangent to γ¯ for some t ∈ (0, 1).
(The dimension of the Jacobi fields that vanish at t = 0 is dim(M). So that at any t ∈ (0, 1)
for which γ (t) is not conjugate to γ (0), there is at least one J with J (0) = 0 and J (t) not in
the (dim(M) − r + 1)-dimensional linear space spanned by γ˙ (t) together with the kernel of
f∗ at γ (t).) Let v be a variation through geodesics whose variation field is J . Because f is a
projective map, f ◦ v is a variation through pregeodesics in N whose variation vector field is
Y = f∗ J . Then Y (0) = f∗(J (0)) = 0 and Y (1) = f∗(J (1)) = 0 because the rank of f∗ at p1
is 0. By Corollary 3.4, f (p0) and f (p1) must be conjugate along the affine reparametrization
of γ¯ , which is a contradiction because γ¯ lies in the convex neighborhood U .
Theorem 4.4. Let f : M → N be a projective map where M is a connected manifold. Then
f∗ is either of rank 6 1 everywhere or of constant rank r > 2. In the latter case f is strongly
projective by Definition 2.6.
Proof. By Propositions 4.1 and 4.3, the sets M fr for r > 2 are both open and closed. Thus either
empty or all of M . If M = M fr for some r > 2, then by Proposition 4.1, the level sets of f are
totally geodesic. Hence every geodesic of M either is contained in a level set or is everywhere
not tangent to a level set. This implies that f is strongly projective.
5. Projective maps of rank 6 1
Every smooth curve in a 1-dimensional manifold is a pregeodesic by Definition 2.1. Hence
if N is 1-dimensional, every smooth f : M → N is a projective map.
Also, a smooth curve γ : (a, b)→ N is a pregeodesic if and only if γ is a projective map on
(a, b) considered as a 1-dimensional manifold. Consequently the composition of an arbitrary
map f : M → (a, b) with a pregeodesic γ : (a, b)→ N is a projective map γ ◦ f : M → N .
Not all projective maps that have rank 6 1 are of this form.
Example 5.1. We can find a smooth function ψ : R→ R with the properties (1) ψ is nonde-
creasing, (2)ψ ≡ 0 on the interval [−1, 1], (3)ψ(x) = x+1 for x < −2, and (4)ψ(x) = x−1
for x > 2. Let M = {(x, y) ∈ R2 : y 6= 0 or x > 0} and define f : M → R2 by
f (x, y) =

(ψ(x), 0), for x > 0;
(ψ(x), ψ(x)), for x 6 0 and y > 0;
(ψ(x),−ψ(x)), for x 6 0 and y < 0.
Then f is a projective map whose image set consists of three geodesic rays emanating from the
origin.
Theorem 5.2. Let f : M → N be a projective map of constant rank 1 where M is a connected
manifold. Then f factors through a geodesic γ : (a, b)→ N.
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Proof. By the proof of Proposition 4.1, for each p ∈ M there is a neighborhood U of p in M and
a geodesic segment in N passing through f (p) such that f carries U onto the geodesic segment.
Fix a point p0 ∈ M and let γ : (a, b)→ N be a maximal affine parametrized geodesic such that
f carries a neighborhood U0 of p0 into some segment of γ . This gives a map h : U0 → (a, b)
such that f = γ ◦ h on U0. If p is a point in M such that its neighborhood U as above meets
U0, then by the uniqueness of the geodesics, f will map into some segment of γ as well. Thus h
will extend to h : U0 ∪U → (a, b) and satisfy f = γ ◦ h on U0 ∪U . Because M is connected,
by continuation we can extend h to a map h : M → (a, b) that satisfies f = γ ◦ h on M .
Note that for a general projective map f : M → N of rank6 1, one may apply Theorem 5.2
to the set M f1 . In Example 5.1, the set M
f
1 has three connected components, each of which maps
into a geodesic of R2. In general, M f1 has countably many components. Thus the image of f
is contained in a union of countably many immersed geodesics with the set f (M f0 ) which has
Hausdorff dimension zero.
6. Further properties of projective maps
Proposition 6.1. Projective maps preserve the acceleration bivector of curves.
Proof. Let f : M → N be a projective map, and let γ : (a, b)→ M be a smooth curve. We
assert that
f∗αγ = α f ◦γ . (6.1)
We may assume M is connected.
In case the rank of f∗ is> 2, (6.1) follows by a short calculation using Theorems 2.7 and 4.4.
In case the rank of f∗ is 6 1, then f∗αγ ≡ 0. Now where f∗γ˙ = 0 we certainly have α f ◦γ = 0.
What is more, α f ◦γ = 0 on every open interval where f∗γ˙ 6= 0, because f ◦ γ is a geodesic
of N , since near such points f has constant rank 1, and thus by Theorem 5.2, f itself factors
through a geodesic of N . This accounts for all points of (a, b) showing f∗αγ ≡ 0 ≡ α f ◦γ .
Surjective projective maps have a partial path lifting property.
Lemma 6.2. Let f : M → N be a projective map which is onto. Then for every smooth
regular curve γ1 : (a, b) → N there is an open dense subset U ⊂ (a, b) and a smooth map
γ : U → M such that γ1 = f ◦ γ on U.
Moreover, if γ1 is a geodesic, then γ can be taken to be a geodesic on each connected
component interval of U.
Proof. This is obvious if dim(N ) = 0 or dim(N ) > 2, for by Theorem 4.4, f is a submersion
onto N . If dim(N ) = 1, f is a submersion from M f1 onto an open subset of N which is all but
a set of Hausdorff dimension zero.
Example 6.3. Here is an example of a smooth surjective mapping which does not have the
partial path lifting property. Let δ : R → (−1, 1) be a continuous nowhere differentiable
function. We can construct smooth functions φ+, φ− : R2 → [0, 1] such that φ+(x, y) = 1
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if y > 1, φ−(x, y) = 1 if y 6 −1, φ−1+ (0) = {(x, y) : y 6 δ(x)} and φ−1− (0) = {(x, y) :
y > δ(x)}. Set φ = φ+ − φ−, and let ψ be as in Example 5.1. Then f : R2 → R2 defined by
f (x, y) = (x, φ(x, y) + ψ(y)) is by construction smooth and onto. The inverse image of the
x-axis is the graph of δ. Thus the x-axis, as a regular curve in R2, has no smooth partial lifts as
in Theorem 6.2.
Theorem 6.4. Suppose f : M → N is a projective map which is onto. Let W be a manifold
with a torsion-free linear connection, and let g : N → W be a smooth map. Then g is a
projective map if and only if g ◦ f is a projective map.
Proof. Suppose that g◦ f is a projective map. Let γ : (a, b)→ N be a pregeodesic. Obviously,
αg◦γ = 0 where γ˙ = 0. On subintervals I where γ is regular, by Lemma 6.2, one has partial
liftings of γ to geodesics γ1 in M on a collection of intervals dense in I . But g ◦ f is a projective
map. Thus g ◦ γ = g ◦ f ◦ γ1 is a pregeodesic on each member of this collection of intervals.
By denseness and continuity, αg◦γ = 0 on each I . This accounts for all the points in (a, b).
Therefore g is a projective map.
The converse is obvious.
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